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Jeans Equations
Spatial density v of stars

v=[fd'v
Mean Velocity v of stars
=— j fody

From before,
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where i =1,2,3 (implied summation). Providing that the potential doesn’t depend on

velocity, and noting that d 3v = dv
8v
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[ f ]: =0 providing f — 0 as v, = *oo. We are left with the continuity equation
dv  dw,
—+—=0(1
ot * ox, )
Starting again from
gj:-i- vVf-V®.V =0,
o ., od Jf ,
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Focus on the last term of this equation
[0, 228 o, 00 O
7 ox; v, ox, g av

Using integration by parts, and [ f Lo =0, it can be shown that

af 3 avj 3 3 3
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The Kroenecker delta appears as the integral will give 1 if i= j, and 0 otherwise.
The first two terms of the above equation are the same as the above except with an
extra factor of v;, so that we get the momentum transfer equation
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as v. ——jfvd3v and v,v, ——J‘fvval3
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The third Jeans equation can be obtained from the momentum transfer equation,
subtracting v, times the continuity equation.
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Distribution function in spherical systems
If f describes all the mass in the system,

V' =4rnGp=4nG | fd'v

which gives

1 d{ ,d® 3

——| v — |=4rG E,L)d v

rzdr( dr) J.f( _) -
Define a relative potential

Y=-0+,

where @, is a background potential, and define relative energy
1
e=-E+Q, :‘I’—Ev2
with f=0 for <0 and ¥ — @, for x — oo

VY = —-47Gp

Isotropic systems
Here, f = f(&). The velocity ellipsoid is isotropic,
—2

_=2_=2
=Vy =V,

ii(ﬁ %) =—4nG | f(e)dy

Given f, this is a linear equation for solving for ¥ (and hence p).

r

Example, assume

f(8) = S — 7 6_42
(277:62) ?
Integrate over all velocities,
p=pe
where we have used
E=y-— 1
14 2V
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Use Poisson’s equation

1 d{ ,d¥
——|r"— |=-41nG
r? dr(r dr ] p

1 d 2dlnp) 4nG ,
| r = - v
r? dr( dr o’ p

with solution

2

o
P)= G

This describes a singular isothermal sphere with
1V
F(v)=Nexp| ———
(=N -1
independent of r .

Remember that

- Kinematic LSR is based on average motions of local stars, (©).

- Dynamical LSR is a perfect circular orbit at solar circle ©, .

We want to find the difference between these, (©)— ©, using the velocity dispersion

tensor O i

Velocity Ellpsoid
Cylindrical polar coordinates:
v= (R, 0, z)
F=v=(11,6,2)=(R.06,z)
Collisionless Boltzmann equation,

of

§+E'Zf+£'lf=0

Expanding this,
I o OF LU
ot oR RO 0z oIl 20 2Z

For a test star, abandoning radial force assumption,

R—RO* = _9®
OR
RO+ 2R0=- L%
R 06
o
0z
In terms of the velocity components,
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Assumptions:
of
- Steady state > E” =0

: od Jf
- Axial symmetry > —=—=0

Y ™ 56 " 06
op 07
- Centrifugal balance > — =—=*
OR R

o o 0P
Constant acceleration in the z direction 2> K, = +8_

<

Substituting these into the Boltzmann equation,

Ha—f+Za—f+l(®2—®f)a—f—@a—f—K a—f:O
oR dz R ol R 00 "oz

The continuity equation for a steady state is
apl) 9(pz) 1
V-(pv)=0= + +p—=0
V-(py) R T Ta TP
It gives relations between averaged quantities.

Take moments of the Boltzman equation: note that (for example)
[ mzay
 [ray
Multiply the Boltzmann equation by IT and integrate;
o p(IT° _
(p< )) 4 a(P<HZ>) +%<H2>+ P(gcz _<®z>):0

(T1Z) = % [ mzandedz

oR 0z R
Multiply the Boltmann equation by © and integrate;
o p(I1O do(p(ZO
oR ot R
and the same for Z ;
d(p(nz)) o(p{Z’
oR 0z R '

These equations represent conservation of average momentum in each coordinate.
- I1=(IT)+1T'
0=(0)+0'
noting that this does not assume (@)= 0, . Define the velocity dispersion tensor
(m*) (me) (1'zv
o=|(eT) (©7) (072
(zmy (z'ey (z°)

2

u

We can write 0, =0,°, 0, =0,” and 6. =0,” as shorthand.
Making the additional assumption is that there is no radial streaming ((H) = 0), the

radial equation becomes
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d(po d(po
(gRRR)+ (I’;ZRZ)+%0'RR+%[®E—(<®>2+099)}=0

Neglect 0, : this is zero in the galactic plane (z =0 ) by symmetry.

Assume (@)~ 0, so
0.’ -(0) =((0)+0,)(6,-(0))=20,(6, - (6))
The drift of the KLLSR relative to the DLSR is then

O e a(ln(PO-RR )) Oep
<®>—@C = 20, [ a(lnR) +(1_G_Mj]x O rr

(©) is a property of the large-scale gravitational potential. p, o, O, are functions of

f 1n a particular star sample.

If the term in [ | is independent of stars chosen, this gives (©)—©, o 0, . This is
known as the Stromberg drift.

For a given group of stars, 0,0, hardly vary.

I(Lp)
(©)-0O, = 3LR) <0

So the KLSR will lag behind the DLSR. This is because p falls with R on average,

so we observe more stars with guiding centres inside the solar circle than outside.
Those from inside tend to be seen at the slowest point of their orbits, so we see more
stars with © <©,_ than with © >0, .



