PC4902 — Quantum Many-Body Physics — Lectures 11 & 12

O = FG =product of operators F and G with matrix elements F(R,R') and
G(R,R'). Whatis O(R,R")?
Oy (R)=| ,O(RR)y(R)AR'=F Gy (R)

= [, {], F(RBG(R" R)aR"}y (R)aR

for the product O = FG . This is a convolution integral of F(R,R") and G(R",R").

For simplification of notation, set U=eP? , 1.e. the unnormalized density operator.
The unnormalized density matrix is

U(R.R)=ZW (R.R").
We can set
U = o1 ;~(1-0)BH
The two operators in the exponentials commute, so we can combine the two
exponentials.

U = o~ 9BH-Bl+aBH

F+G

= e_ﬁl:l

In general, e" ™ # ef e for non-commuting operators Fand G.
U(R.R";B)= J.VN U(R.R":qB)U(R".R';(1-¢)B)dR" (52)
U(R,R";8) are the matrix clements of ¢ ® | U(R,R";gf) are the matrix clements of

¢ and U(R",R";(1- q)B) are the matrix elements of e -0t

For O0<g<1,

qB = kB_l

1
T,

B
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T

where T, =—>T, and

q
a1=q 1
1- =k, ' — =
( Q)ﬁ 5 T kT

-q

T
where Tl_q:1—>T.
—q

Equation 52 represents the matrix elements U(R,R"; ) of e at temperature 7 in

the form of a convolution of matrix elements U(R,R";qB) of e and

U(R".R'(1-¢q)pB) of ¢ U=0P7 ot the higher effective temperatures T, and T,_, .
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Apply equation 52 successively M times.

U(B,B';ﬁ)=JV~U(B’BI;M— (
[ fov(rRi o

[
- IVN J.VN J.VN (— = Mﬁ+1jU(&’_2;%j

M -2
XU(BZ’Ez.;%)U(EyB'; ﬁ)dR dR,dR,
+

Repeating this procedure M times yields

B
U(R,R;B)= IVN jVNHU(_V, R, i |dR,dR, (53)
This is a 3NM -dimensional integration, with M integrations. By definition, R, = R,

and R, =R'. U(R,R';) is given here in terms of U| R R B at the
—M+1 _— —r_ v M+1

v+1?

higher effective temperature (M +1)T .

Ilustration:
A
v=M+1

r=M

Rh‘
r=2 — - B,
r=1 R1
r=0 >

R A

For any R,R,,...,R,, the set of M 3N —dimensional configurations R ,R,,....R,,
may be thought of as a path, taken at the discrete imaginary time steps v=1,2,....M
leading from the initial configuration R to the final configuration R'. The
intermediate configurations R ,R,,...R, ~are all integrated over all possible
3N — dimensional configurations.

The M 3N — dimensional integrations in equation 52 correspond to an integral over
all discrete paths (at imaginary times v =1,2,..., M ) connecting in 3N — dimensional
configuration space R and R'. Equation 52 is the discrete imaginary time path

integral representation of U(R,R";8) (Feynman path integral).
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The purpose of all of this is to make M large enough so that one can insert the

B

—1) at the effective temperature

—v+1?

known high-temperature limit for U (BV,R ;

(M+1)T.

3.1 High-Temperature Limit of the Density Matrix
The Hamiltonian is the sum of the kinetic energy and the potential energy,

H=T+V.
The equatiqn o
e P = e PePV (54)
holds for B <<1.
U(B,Bv) — J.VN F(B’BH)G(BH’BV)dBH

A

Use equation (51), with O=eP = ﬁé, where here F=e¢® and G=¢".
O(R.R)=U(R,R'). F(R,R") are the coordinate space matrix elements of ¢”", and

G(R",R') are the coordinate space matrix elements of e

Using equation (48),
G(]_e”,B‘) — e*ﬂvg"a(gn_ Bv) — e*ﬁV(B“)a(Bu_ Bu)
Blyienvie
G(B",B') —e 2(V(E) V(E))S(BH_B') (55)

F(RR")=¢? §(R-R")

Write §(R— R") in terms of the orthonormalized eigenfunctions of T .
N

Fu(R)=-3 9y (R)=Ty (B

i=1
h2
For a sum of commuting one-body operators like ———V.> we have

2m
W(B) =0 (f1)¢2 (fz)'--‘pN (EN)
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1 3N N

2_] J' o Plk yik R =ik R" 4 k
1 3N _hzﬁkz

(L)

N
where k =(k,,k,,....k, ) and k> = k. This is a 3N-dimensional Gaussian integral

i=1

m %1% m
F(B’B”):[Tﬁhz] CXP{ 2Bt ——(R-R")’ } (72)

%
N m {V(B)W(@')]

This is the classical hlgh temperature limit of the density matrix elements U(R,R").




