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EOM:

¢+3H¢+£K—V?
do a

Pressure and density:
1, 1 2
=—¢ " +—=|V¢| +V
Py > ¢ 2| 9|

1., 1,0.0
P=—¢ ——|Vg| -
=56 IVl

Assume that the universe is somehow dominated by a spatially homogeneous scalar
field, i.e.

Hence we have

1,
P=—¢>-V.
(4 2¢

Hence the equation of motion becomes

. . dV
¢+3H¢+E$'

We also have from the Friedman equation,

o SEG( b+ Vj

If the field is slowly rolling, then the dynamics are dominated by potential energys, i.e.
¢*> <<V, and the scalar field has an equation of state with w = —1. (This is a friction-

dominated era.) The conditions for “slow-roll” are that ¢* << 1 and ¢ << 1, and hence

3H¢——d—v

d¢

o = 8nG 3G,
3

These are called the “slow-roll” equations.

Example potentials:
a. V(¢)= %mzq)z (which would give you the Klein-Gordon equations [see
Relativistic Quantum)
b V(9)= 29"
c. V(9)=Ve™
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(This can be imagined as a ball rolling down a potential slope, rather than as a scalar
field.)

Inflation ends when the field speeds up sufficiently for the slow roll conditions
(q’) << 1,¢* << 1) to be violated. More precisely, inflation ends when & passes from
>0to <0, that is, when p, +3F, =0

> ¢’ =V

One can treat #,¢,a as equivalent when describing the position on the potential.

Another useful description is to use the number of e-foldings from the end of
inflation:

N=-[" Hir=|" L
fo St )
In the slow-roll regime,
H 8nGV
6 v
d¢
oV
> N(¢)= SnGj%qu)
do

2.3 Chaotic Inflation

First consider an epoch of inflation starting at ¢ =¢_ . and ending at ¢ =¢, ,. The

start

slow roll conditions imply that

3H¢5 = _d_V
do
o = 8nG
3

From these, we can get (by substituting the second equation into the first)

.__( 1 )%L
=24 V5

dv
where V'= e This gives ¢ = ¢(¢). We can also get
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1 d.
——a:—87rGK
ado V!

from substituting the first equation into the second. Hence,

871G Ostart qu)
a(¢) = astarte ’ Y

The question is how did the field getto ¢ =¢,, .
chaotic inflation is that every value of ¢ is attributed to different regions of the

in the first place? The philosophy of

universe.

If ¢ is sufficiently large then inflation takes place, which creates a universe which

might lead to our observable universe. This leads to the idea that every possible
universe happens somewhere - multiverse.

We will assume that V((bm,) =M ", and ¢, is defined by the condition that

pl >

¢* =V(9,,,) . Assuming slow-roll,
1

24rG V'(te”d) =V (‘pend)

Hence we can calculate ¢, ¢,.,, ¢(t) and a(9).

Example (a)
A
V(p)==9¢"
(0)=79
From this, we can calculate
V'= ¢’
SR
24nG 6nG
PRV
b=, o7
a(¢) = astarteﬂc(d)mm2 7¢2)
A 4 4
V(¢xtart) = Zq)smrt = Mpl
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1 A
—2{2 6 - 8
2 472: G ¢end 1 6 ¢end

2 Y4
— d)end 37T Mpl

We can calculate the number of e-foldings from the expression for a(¢) from above;

N,, = 7G(y,," =9, ) = 2702 —%

. 1 .
If we require that N,, > 60, then we need A >= 00 (where >= denotes that it is

start

approximately less than), which says that ¢, > M !

Example (b)

From this, we can calculate

/ 1
— (p = q)xmrz - EmMplt

a(9) = a0

start

1

V((pstart) 7 —m ¢starz - ]‘41)14
M [
— ¢start - \/E(ijMpl
1

1
m 2 Lt A
9 471_ G (pend - ¢end

=g = \/7 M,

2 Mpl ’
Ntot - Q’TCG((])MM (pend ) =4n 5
Asweneed N,, >60,
P
T
m<= (E) Mpl
Hence ¢start 2 Mpl !

We see that requiring N > 60 constrains either A or m . We are basically making the
potential sufficiently flat for w = —1 for long enough.

Hence
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2.4 Reheating
At the end of inflation, we need to create a radiation-dominated universe. The process
by which this happens is known as reheating.

At ¢=¢,,, the field ¢ begins to oscillate.

A V(9)

Slow roll

oscillating

>

¢:‘nu’ ¢r.'r.'.'r ¢

From the point of view of this course, we will assume that reheating takes place
instantaneously (This may or may not be a good approximation — it depends on many
things). The energy stored in ¢ at ¢ =¢, , is thermalised directly into relativistic

species.
1., 3
=—¢ +V==V
Po=759 2

at ¢ = ¢, ,. Renormalization,

7_[2

Py = Pr =%NTR4

where T, is the temperature at the start of the radiation era, and N is the number of

relativistic species. This is typically about 100 (within the standard model — around
106.75 degrees of freedom).

NB: we are assuming that the radiation era is ‘born’ in thermal equilibrium.

Hence,
)
T _ 45 (¢end) A
i P
oAy A s
For example, in —¢" inflation, V(gbend): M
4 o !
5 /lM 4 %t
> T, z(_4 2l J
o N
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2.5 Perturbations from Inflation
Consider the evolution of the Hubble radius.

a’ radiation era
3
- -Y aé matter era
H ! o< p 2 o
const exponential inflation
a" (n < l)during power lawinflation

and a physical wavelength A «<a.

- Without Inflation _ With Inflation
logH™ logH™
'y A
cAe<a
) rad
’ matter
iy End of iy

lOg a inflation lOg a

Therefore in an inflationary universe, a particular wavelength crosses the Hubble
radius twice, once during inflation A > H™' and once during the subsequent radiation
/ matter era, when it becomes A < H™'.

2r o . .
Fourier modes (k = 7] satisty the ‘first out last back’ principle. Fluctuations just

entering the horizon today went outside the horizon 60 e-foldings from the end of
inflation.

NB: We will show (in section 5) that super-horizon perturbations, i.e. those with
A>H™, are ‘frozen’ i.e. they do not grow. So the amplitude of perturbations when
they cross the horizon during the radiation and matter eras is equal to the amplitude
when they went outside the horizon during inflation.
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Aside
Quantum Mechanics at an event horizon:

We have e’e” pair creation at the event horizon.

e+

e Event horizon

This leads to Hawking Radiation. The Schwarzschild spacetime has a temperature
that is inversely proportional to mass,
1
T oc —.
M
We are borrowing energy from the gravitational field, as opposed to an electric field
or the like.

Gibbons-Hawking Effect
Every spacetime with a horizon has a temperature. De-Sitter space, which is the
spacetime for w =—1, also has a temperature

H

o

where H is the Hubble parameter.



