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2.2 Conserved Current
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where p = i[¢*%—f—¥¢} and j=—i[¢*Vo—(Vp*)¢] (cf. Schridinge case).

We now have that p(x) = [¢(x.7) * andit can beeither postive (for postive energy

solutiong or negaive (for negdive energy solutions.
p isnotaprobability dendty (charge densty?)

Summary
We have covariant theory with aconserved current, butwe have problems with
negaive energies and with theinterpretation of ¢ .

Press on regardless with the postive energy solutions

2.3 EM Fields and the “H atom”
If thepotentid A* #0, then 9, — d,, +igA, (which correspondsto p, — p, —qA,
in theclassical case). This gives ustheform for the Klein-Gordon equdion,
(0, +iqA, )(0" +igA* )¢+ m*¢=0
Here condder an electrodatic field, so A=0 and V(x) = gA,(x).
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For energy eigenvaues ¢(x)=w(x)e
[—(E=V)'+V*+m’ Jy(x)=0

(timeindgrendent solution), we have
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(cf the Schridinge equation (E—V)y = —2—1//)
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Now consder V(x)=—-== where r =|x| and @ =— = — . Wha are theenergy
r 4 137

levels? Solve by comparing to thenonrelativistic H-like atoms.
Time-Independent Schrsdinger Equaion (TISE):

[—Vz - Zer—a:|l// = 2mey

where € = E —mc*. Write w(x) = u(r) Y,,(6,¢), where ¢,m are angular momentum
r
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eigendates, anduse V° = ——r ——-. Thisgives ustheradia Schrsdinge Equétion,

ror r
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{ j: + er b_ sza}U(r) = 2meU(r)

For theKlein-Gordonequaion, usng the same argument gives
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Thisisof thesame form with 2m — 2E, 2m! " E*# m?* and

f—>£':—%+\/(z+%)2—(2a)z .

Use the nonrelativistic energy levels fromthe Schrsdinge equdion,
m(Zoc)2 "
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where n=n_+ (+1. Making thesubditutionsfrom above you get
2E(Zat)’
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where n'=n,_+ ('+1. Solving thisfor E gives
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There are 2 interesting cases;

1. (Za)’ <<1, awesk potentia, i.e. Z << 137
Expandin Za
(Zar)’
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Herethefirst part istherest energy, the second pat isthe same asthenon
relativistic result, and thethird part isthefine strucdure Bwhich isarelativistic

. 1%
correctionbecause — ~ Zox .
C

Finestructureiswrongfor H! Schrsdinge abandaned the KG equation.

Butit isrightfor spin-0 particlesin aCoulomb field, e.g. pioric atoms (™ p)

etc.
Scalar KG equdion describes spin-0 particles!

2. Zoc>(! +%)

Z > 69, so we have astrongpotential.

:——+\/(£+/) Zoc iscomplex Btheenergy is complex!

Another disaster? To undestand this, compare it with a ssmpler problem.
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2.4 The Klein Paradox

Congder apaticleinddent onan electrodatic barier in onedimenson. Have a
potential step of height V', which startsat z =0 and goesonin the +z direction.
Particle with kingtic energy E — m travelingin the+z direction.

For z <0, time-independent equéion

2 d2 2
-F —d—Z2+m l//(Z):O

This has solutions y(z) = Ae™ + Be ™, with p* = E> —m”.

For z>0,

2
(E-V) et (a) =0
dz

This has solutions y = Ce”* where p? = (E - V)’ — m*. We haveimpoged that there

are noincoming paticles/ waves fromtheright

If (E-m)>V, p” >0 andpropagaionwill occur ontheright(z>0).
If (E-m)<V, p?<0,s0 p'=i|p'| andwewill get exponentia decay for z >0
(GvanescenceQ.

.. d .
Bounday condiions ! and d—w are contnuousat z=0.
74

p+p' p+p'
Consder aconerved current. j,=—i[¢*Vo—(Vo*)¢ ], o=y (z)e™.
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For theinddent wave 4¢™ > j, =2p|A|”.

For thereflected wave Be " — j, = 2p|B|’

- > 2p|cf >0, real p'
For thetranamitted wave Ce” * — j, = p | | 21’ reai p
0 p'” <0, imaginary p'
Hence j, + j, = j, asexpected, with propagationif E! V? > m® and evanescence if

(E-V) <m®.



