8. Addition of Angular Momenta
8.1 General Results

A

JI,J2 angular momenta with orthogonal eigenfunctions | Jis ml> and | Jao m2>

respectively.

T2 jiemyy =12 (G, +1)| jyom,)
jlz|jl,m1>:hm1|jl,ml>

T2 ooy ) = 12 (j, +1)| jpsm, )
jzz|j2,m2>:hm2|j2,m2>

We assume that all the components of J, commute with the components of £ .
I3 = 00 0., | = T30y, [= ] 1oy [=0

We also know that [ff,jlz] =0, [JAi,JAzz} =0.

{f f,j i,le,JA 5 Z} are a set of compatible observables with common eigenfunctions
|jl,j2,m1,m2>.

T2 dis s,y =125, (G + 1) oo fos 1y )

J gl dvsdosmimy) = him, | . sy m,)

T2 dis dosmysmy Y =124, (G, + )| Gys ooy,

Jzz|j17j2’m1’m2>: hm2|j1,j2,m1,m2>

We define the total angular momentum i = i + & .

J,=J,+J,,

Jy=Jy +Jyy

Je=Jdy+ 1oy

J? :j-S:(£+£)2 =T +Ti+2],0,

[72.3:)-[77:]=0

[7.32]=[7.7:]=0

{J g J Ji J2,] } are a set of compatible observables. There is a set of common

eigenfunctions | Jom, ji, j2> .

J”Ij mojids) = 1§+ )] jom, i jn)

o) =Tl j,m, i, j,)

J |J m, Jl,m 1, (Jy + )] s s i)
)=

T jsms jisjo) =1 (o + V)] o jis o)
Given j, and j, we want to find the possible values of j and m.

Eigenfunctions of f

J |]1 J2r 15 m2> (J12+Jzz)|]1 Jar 1y m2> h(m1+m2)|j1,jz’m1’m2>



-> The states | j,, jz,ml,m2> are eigenfunctions JAZ with eigenvalue (m1 + mz)h.

> m=m +m,.
_j1sm1 Sjl

—hSmy <,

So:

~(i+ i) sm<(ji+ i)

The state space governed by | Jis jz,ml,m2> is the same as that governed by

Jom i Jy) -

—> the number of linearly independent eigenfunctions has to be the same.

m J |jl,j2,m1,m2>

i+ Lt JisJ2s Jvs Jo

Ji+i-1 St | s s = 1)
Jitih -1 | s dosisdn =1

Ji+g, -2 i | s Jordi = 20 J2)
Jitih -1 | jisdondi =L jy — 1)
Ji+i =2 | Jisdandinds = 2)

Jiti—n i+ s | s Jordi = s
Jitih -1 | jisdandi —n+1j, = 1)
Ji+i—n | isdas disda — 1)

We will have the same number of

—(jl+j2)SmSj1+j2
—j<m<j
m=m,+m,

j,m,jl,j2> states.

For j, =2 j,:

m ] |j1,j2’m1’m2>

Ji+ i =2J, Jit s | Jis o i = 20 o)
L= |j1’j2’j1’_j2>

For m=j, + j,—2j, —1, we do not get any more values of j because that would

require the state | j,, j,, j,,—J, — 1) which violates —j, <m, < j, .

For j, =2 j,:
j1_j2Sij1+j2

For j, < j:
jz_leijl+j2

In general:

|j1_jz jl_.j2|+1""’jl+j2'

b




8.2 Examples
a) Total spin of two electrons

Electron 1 Electron 2
Slz|sl,ml> =n’s, (sl + 1)|s1,ml> S3 |sz,m2> =n’s, (s2 + 1)|sz,m2>
SIZ|S1’ml>:hml|sl’ml> Szz|sz’m2>:hm2|s2’m2>

{82.52.5,,.8,,} compatible observables with eigenfunctions |s,.s,.m,.m,).
s=Y.5=1.

%

V- Vo= V3o )

Vo Vo= 1)

V- Vo=V 1i)

sl,s2,ml,m2>

{32,32,3'12,3'5} are compatible observables of eigenfunctions |s,m,,s,s,) .

—(s1 +s2)SmS S(s1 +s2)

-1<m <1
s=8+8,,8+s,—1,.., |s1—s2|
s=1,0.

s=0,m =0.

s=1,m =-10,1.

0.0.15. %)
LG Y5)

10.15. %)

A

s,mS,sl,s2> =

b) Spin-Orbit Coupling
L : orbital angular momentum of electron.
S': spin of electron.

H s0 = AI_: : S (where A is a constant.)
|€,s,m(,ms>H{I?,ﬁz,iz,ﬁz}

J =L+ S§ =total angular momentum.

|j,m,€,s> H{jz,jz,l?,SAz}

[ AL, |#0,[HA,.S.]#0.

But [ Ay, 22 =[ 30,8 |=[ A2 ]=[ Ay d.]=0.



{I:ISO,fz,fZ,I:2,§2} are compatible observables.

j,m,ﬁ,s) are eigenfunctions of H 50 -

Want to find common eigenvalues...

H, j,m,f,s>:§(j2—f,2—§2) j,m,0,s)

:%(jz j,m,ﬁ,s)—li2 j,m,f,s)—b:2 j,m,ﬂ,s))

=§(h2j(j+1) jom b, s) =2 (0 +1)| j,m, 0 s)—hs(s+1) j,m,ﬁ,s>)
Therefore:
H, j,m,ﬂ,s):%hz[j(j+l)—€(£+l)—s(s+1):| jom,l,s)

—> the contributions to the total energy of H . depend on j, ¢ and s (for electron,

s=Y.



