6. Angular Momentum
(Gasiorowicz, Chapter 7)
http://reynolds.ph.man.ac.uk/~pablo/QM/

6.1 Quantum Mechanics in 3D:
- The wave function depends on three spatial coordinates, ¥ (x,y,z,7).
- Schrédinger equation:

Loy I

i = V2 Vi(xyz
= VY (x,y.2)y

- Operators:

Py =—ih——

R=(%,5,2)

Bases:
If two operators commute we can use bases of their respective state spaces to build a
basis for the enlarged state space.

Example:

|x)=6(x—x')
[y)=8(y-y')
|2)=6(z-2')

The basis for the 3D space is:
2)=8(x~x")8(y~y")8(z~2)
(x | )=v(x)

(x.y.2lv) =y (x.y.2)

%) JJJ a(x.y.2)

a(x,y,z)=(x.y.z|y)

,¥,2)dxdydz




6.2 Angular Momentum

L=rxp

In analogy with classical mechanics, we define the angular momentum I_::
L=RxP

In components:

L =YP-ZP,
L, =7P - XP
L =XP -YP

= —ihYP, +ihXP, = ihL

L,L,|=inL,

L.L |=inL,

L.L,|=inL,

(DL =[L2L+[ L2 L [+ [ L1,
R

(L2.L |=-in(L L +LL,)

(L2.L |=in(LL,+LL,)

6.3 General Definition of Angular Momentum
We call angular momentum i = (fx,jy,jz)

To any observables, JAx,jy,fz that satisfies three relasions:

(7.3, ]=ind.

(7.0, =i,

X

Note: we’ve proved before J> =J % + JA},2 +J2,and [fz,j ]z 0 etc.)



6.4 The j+ and J_Ladder Operators

Jo=d v,

jo=d-ii,

Jr=di (i) =d - =0

So J,"=J_=0,ie J," and J_ are not hermitian.

-> j+ and J_ cannot be observables.

Useful relations:
J.J. ]=ni, (6-1)

A

6.5 Eigenvalues and Eigenfunctions of J> and f

If | ) is an eigenfunction of J? with eigenvalue Ai’, then J*| )= Ah*| )
(7°12) = 4 (112) = 27 ) =0

(expand out J?)

(A1) = (AL 2[ )+ (A1 71 2) + (21T 2] 4)

and now expand out J  etc.

(A3 =217, 32 = o) =12
(9 )
and back to the¢origi1d;al:
A ~ 2 ~ 2 ~ 2
CANEIVSE VA RS WA RS VAN
>0 >0 >0

Therefore (A|J?|1)>0 = Ak? HM)”z >0

For convenience, we write A= j(j+1) with j>0

If | m) is the eigenfunction of J_,

J? and f commute and then they have a common set of eigenfunctions
Jjomy=12j(j+1)

jz J, m) =mh j,m>

j,m).

J.m)




(j, m) = >0

(s =1 jm)| 20

Using (6-5) and (6-6):

(j,m|J J Y=(j, y=[j(j+ 1)1 —m’n* = mh> |(j.m| j.m)
(6-8)

(om|J T | jomy=j(j+1)R* = m*h* + mh*> 20 (6-9)

From (6-8):

jj+)=m(m+1)=(j-m)(j+m+1)=0 (6-10)
and from (6-9):
jj+)=m(m=1)=(j-m+1)(j+1)=0 (6-11)
From 6-10:

—j(j+1)<m<j

and also (from (6-11)):

—j<m<(j+1)

)

j>-m)y=j(j+1)r*—m’n* + mh* =0 (6-9)
j—j)=0.

. . 2

j=i)| =0

(j,m|j J

For j=-m, (j,—j|j+JA,

(G=il3 I =)=

For m>-j;

[J,.0 =] (6-2)

my=J_J,| j.m)=h]_|]

hmi_| j,m)

:h(m—l) _ ]m>

,m) is an eigenfunction of J with eigenvalue 7(m—1).

m)

[12 j ]= 0(64)

| jomy =12 (j+1)[ J_| jm)]

, ) is an eigenfunction of J2 with eigenvalue j(j+1)7’.

)—Cﬂm—D
= joml 3,3 | j.m)=|CF (j.m=1] jm 1) =|cT
From (6 9)
‘p jm H = 12j(j+1) = m*h + mh?

2> C= h\/] ]+1 ( )
_ ],m>=h\/] ]+1 —m(m—l) ,
T jsmy=nJj(j+1)=m(m+1)

_1>

j,m+1)




A

J

J=i)=0,J,]j,j)=0 as —j<m<j

The action of f+ and J_ shows that the difference between j and m has to be integer.
m=—j—j+1,..,j—1,j

If we start with m = j,
J g jy=Al|j,m)
m=j—p (6-12)

p 1s a positive integer p =0 .

In the same way,
J.*j=j)=Blj.m)

m=—j+gq (6-13)

g 1s an integer, g =20

From (6-12) and (6-13):

g=ptq

-> j has to be an integer or half integer (depending on the system).
If j is integer then m is integer.

If j is half-integer, then m is half-integer.

6.7 Notation for orbital angular momentum

E,m”)

|xy=6(x—x")

Using spherical coordinates,
(o.0lt.m,)=Y,,(6.0)

Y, . (6,0) are spherical harmonics.

), m




