5. Dirac Notation
To every state of the system in a state space, we assign a unique symbol. |1//) (called

a KET).
Kets behave like vectors.

Example: the possible states corresponding to the spin of an electron.
Spin up: ‘T>
Spin down: ‘\L>

The state space for the spin of an electron is 2D and ‘T>,

> are a basis.

Then any possible state for the spin of the electron can be written as:

=a|T)+b[l)

where a,beC.

5.1 Properties of Kets
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2)
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Adding two kets gives another ket.

v +vs) =)
Multiplying a ket by a scalar gives another ket.

aly)=y)
where a € C.
The scalar product between (y) and |¢) is written as:

{wl9)
For every ket |y), we assign a “bra” (y| so that when multiplied with a ket
gives the scalar product.

ie (v|]0)=(wl9)
The norm of a ket |y) is

llw)] = wlw)

If ly,),

space. If any |@) can be written as:

¢>:al|W1>+az|Wz>+a3|W3>

a,,a,,a, €C

where a, =(v,(9), a, =(w,|0), a,=(v;]9).

We can find the projection of a ket, such as |¢), onto a subspace by using a

) and |1//3> are an orthonormal basis (<1//l. ‘ l//_,.> = 51:].) of the state

projector (projection operator).
For example, the projector onto the subspace spanned |1//1> and |l//2> is given
as:

ﬁjn _|W1><W1|+|W2><W2|

PP1|9) = (|, ) (v, | +] v )(w )] 9)
= (lw )wil)lo)+ (Jwa)w.)l9)
> PPu|9) =y, )(wi]0) +|w.) (v, [9)



The square of the norm of the projection is:

[PPelo] =[(wi o) +[(w.lo)f

8) Using an orthonormal basis |1//l>, ) and |1//3> an operator A can be

written as a matrix using:
4 = <‘//i A I/fj>

9) Important kets:
|k) > 8(x—x")

[(xlw)=] “5<x—x~>w(x'>dx':w(x>}
> "

le

Fourier Transform

10) Important Observables:
X|x) = X]x)
plp)=p.p.)
1.e. p_ is an eigenvalue, or rather an eigenket of

p.)-

D2
V) =a 1) +a.[2)+a;|3) = (1{y)|1) + 2[w)[2) + (3] w)l3)

[v) = [a(x)|x)dx = [(x] )| x)dx

11) Converting kets into bras (hermitian conjugation)
v) < (v
aly) > a*(
Aly) & (y] A
A" is the adjoint of A.If A is hermitian, then A = A"
Example: we want to normalise |y)=a,|¢,)+a,|p,)

2), and |3) are an orthonormal basis:

,aeC.

with |(p1> and |(p2> orthonormal.

(wly)=1
(Wl=a *(o|+a,*(o,]
<w|1//>:(al (o] +a, *(¢2|)(a1|(p1>+a2|(p2>)
=a,*a,(@,]9) +a,*a, (@] 9,) + a, *a, (0, ]0,) + a, *a, (9, ] 9,)
— — — N

1 0 0 1
2 2
— E3 %k —
=q a1+a2 a2_|al| +|a2|
The normalised ket is:



|W>:;2(al |§01>+a2|¢2>)

2
|a1| +|a2|

Further reading: Gesorowicz, Chapter 6.



