4. Properties of Observables

4.1 Commutation Relations
4.1.1 Definition

The commutator between two observables A and B is defined by:
[4.8]=Ab- A,

where
Aby = Al By]

4.1.2 Properties

- [AB]=-[B.A]

- |AA]=0

] :A,1§+CA]:[A,A}+[A,CA]

- [ABe]=B[Ac]+[AB]¢

- [AA]=0,[AA"]=0,n=123,
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4.1.3 Commuting observables
Also called compatible observables.

We say that two observables A and B commute if [fl,lﬂ =0.

4.1.4 Important property: if A and B commute
We can find a set orthonormal eigenfunctions common to A and B.

4.1.5 Compatible observables can be measured simultaneously
(seemingly, the title of this section is also the content...)

4.1.6 Examples
D) [£p,]=2
v (x) is a normalised wavefunction.
Ry (x) = 2y (x)
A e
py(x)=-in3"
X
Note that for Hermitian operators, JI// * fh// = J.(Ay/) *y
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The first and last terms cancel each other out. f yydx=1. So
([%.5,])=in
The result is valid for any y . Then:
(2,0, ]y =iny.

2) In a 4D state space with an orthonormal basis ¢,,¢,,¢, and @, , an operator A has
the matrix representation

2a¢ 0 0 O
0O a 0 O
A=
0 0 —a O
0 0 0 =-a
Eigenvalue Eigenfunction
2a ?
a 0,
—a ?;
—a ?,

In the same basis the operator B is given by

b 0 0 O
0 2»p 0 O
“lo 0 0 2
0 0 2 O
Eigenvalue Eigenfunction
2b U =@,
b U, =0,
2b 1
My = E((Ps + (P4)




b 1. =1=(0:-0.)
4 \/5 3 4
Do A and B commute?
2ab 0 0 0
0 2ab O 0
0 0 0 2ab
0 0 2ab O
So AB—-BA=0 > A and B commute.
A B
Eigenvalue Eigenfunction Eigenvalue Eigenfunction
2a (01 2b :Ltl = (pl
a (02 b .uz = ¢2
—a (0] 2b 1
’ My = E((Ps + (P4)
—a () —2b 1
! n,= ﬁ((% - (P4)
A‘ul =2ap,
A, = ap,

A ~f 1 I - I - —-a a a

=4[ Jylor0) )= o Jrio = o o= o o) =-on
A ~f 1 a a

Ap, = A ﬁ((l’s—%) BN, RARIN e

> U, U, U, and u, are a set of eigenfunctions common to A and B.

We should really rename these (’s so that they are more universally accessible (i.e.

anyone will know what , is, rather than it being an arbitrary choice in this math).

Let:

My = Mg om)
My = M, p)
My = H_ o)
My = Hi_ ;)

Evolution in time of expectation values

H is independent of time.
System is in a normalised state y(x,t).

If we have observable A , then we want to know how the expectation value acts at

different times.
d{A)
dt
(4)=(v.Ay)= [y *(x

=7




Where H is a Hermitian operator.
(Ay.y,)=(v,.Hy,)
d(A 1 A A "
=l i)
| A.H |=AH - HA

d(A)_ 1/ 154

dt ih <l// [A H]W>
> S5

dt ih

If A and H commute (are compatible), then (A) is a constant of motion ([A,fl :' =0
therefore (A) = const.)
it A=A, [A.0]=0.
d(H) _

P 0 -> the energy is a constant of motion.
t

The eigenvalues of observables that commute with H are usually called good
quantum numbers.



